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We present the general structure of two-photon S matrix for a waveguide coupled to a local
quantum system that supports multiple ground states. The presence of the multiple ground states
results in a non-commutative aspect of the system with respect to the exchange of the orders of
photons. Consequently, the two-photon S matrix significantly differs from the standard form as
described by the cluster decomposition principle in the quantum field theory.
PACS numbers:
The scattering matrices (S matrices) are of essential importance for characterizing the interaction of quantum
particles. On one hand, each element of a scattering matrix describes the probability amplitude of a particular
scattering event. Thus every element of a scattering matrix is of direct experimental significance. On the other hand,
from a theoretical point of view, the analytic structure of an S matrix is strongly constrained by symmetries and
causalities, as well as by other general aspects such as the local nature of the interactions. Consequently, much of the
literature on quantum field theory is devoted to the computation and elucidation of the structure of S matrices [1–4].
Using the cluster decomposition principle [1, 5, 6], the standard form of two-particle S matrix listed in quantum field
theory textbooks is S = S0 + i T , where S0, the non-interacting part of the S matrix, is of the form
S0p1p2k1k2 = tk1tk2 [δ(p1 − k1)δ(p2 − k2) + δ(p1 − k2)δ(p2 − k1)] (1)
and contains the product of two δ functions. The T matrix, which describes the interaction, is of the form
Tp1p2k1k2 = Cp1p2k1k2δ(p1 + p2 − k1 − k2) (2)
and contains a single δ functions. Here, k1,2 and p1,2 are the momenta of the incident and outgoing particles,
respectively. tk is the individual particle transmission amplitude and Cp1p2k1k2 characterizes the strength of the
interactions between two particles. Recently, this form is also shown to apply in waveguide quantum electrodynamics
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2(QED) systems, where a few waveguide photons interact with a local quantum system [7–24].
In this letter, we show that there in fact exists a class of waveguide QED systems, in which the two-photon S matrix
does not have the form of (1). The key attribute of these systems is that the local quantum system has multiple
ground states. We show that this attribute results in a non-commutative aspect of the system with respect to the
exchange of the orders of photons, which strongly constrains the form of the S matrix. This is in contrast to a large
number of systems previously considered that have S matrix of the form shown in (1). In these systems the local
quantum system has a unique ground state and hence does not have such non-commutative property.
The results here point to a much richer set of analytic properties in the structure of S matrix than previously
anticipated. Also, examples of local quantum system with multiple ground states include three-level Λ-type atomic
systems, which support two ground states in the electronic levels, as well as optomechanical cavities where the lowest
lying photon-state manifolds contain multiple phonon sidebands. The three-level Λ-type systems play an essential
role in constructing quantum memory and quantum gates for photons [25–28], whereas reaching the photon-blockade
regime with optomechanical cavities has been a long-standing experimental objective in quantum optomechanics
[29, 30]. Exploring the nature of photon-photon interaction in these systems in the context of waveguide QED is
therefore of significance in a number of directions that are of importance for quantum optics. While there have
been several calculations on the two-photon scattering properties of these systems [31–34], there have not been any
discussions on the general analytic structure of the two-photon S matrix in this class of systems.
We start by considering the simplest example of a single-mode waveguide coupled to a three-level Λ-type atom as
shown in Fig.1 (a). The Hamiltonian is described as
H =
∫
dk k c†k ck +
2∑
λ=1
∆˜λ|gλ〉〈gλ|+ Ω|e〉〈e|+
2∑
λ=1
√
γλ
2pi
∫
dk
(
c†k |gλ〉〈e|+ |e〉〈gλ|ck
)
, (3)
where ck (c
†
k) is the annihilation (creation) operator of the photon state in the waveguide. These operators satisfy the
standard commutation relation [ck, c
†
k′ ] = δ(k − k′). Here for simplicity we consider a waveguide consisting of only a
single mode in the sense of Ref.[8]. The argument here, however, can be straightforwardly generalized to waveguides
supporting multiple modes. ∆˜1, ∆˜2 and Ω are the respective energy of the ground states |g1〉, |g2〉 and the excite
state |e〉 of the atom satisfying ∆˜1 < ∆˜2 < Ω. We define ∆µ ≡ Ω− ∆˜µ for µ = 1, 2. The waveguide photons couple
to both |g1〉 − |e〉 and |g2〉 − |e〉 transitions of the atom with respective coupling constants
√
γ1/2pi and
√
γ2/2pi. In
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FIG. 1: (a) The system we consider: a photonic waveguide coupled to a three-level Λ-type atom. (b) A sequential scattering
event where two photons incident from the left scatter against a three-level atom with γ1 = γ2  ∆1,∆2. The photons are
represented by red or blue colors with different colors representing different frequencies of photons. We send in the red photon
followed by the blue photon, in which the initial, intermediate and final states are shown in the subplots. (c) Another sequential
scattering event that is the same as (b) except for the reverse photon ordering.
general we assume that γ1, γ2  ∆1,∆2. The single-photon S matrix for this system is
[Spk]µν ≡ 〈p, gµ|S|k, gν〉 = tµν(k) δ(p−∆µ − k + ∆ν) , (4)
4where µ, ν take values of 1, 2 and
tµν(k) = δµν − i
√
γµγν
k −∆ν + i
(
γ1
2 +
γ2
2
) (5)
is the transmission amplitude of the waveguide photon |k〉 when the initial and final states of the atom are |gν〉 and
|gµ〉, respectively [36–39].
We proceed to provide an intuitive argument about the structure of the two-photon S matrix. As an example, we
consider a specific three-level system where γ1 = γ2. For notation simplicity, we refer photons with energy ∆1 and
∆2 as ”blue” and ”red” photons, respectively. From (4) and (5), if the atom is initially in the ground state |g1〉, an
incident blue photon will be on resonance to the atomic transition. Therefore, upon scattering against the atom, it
will be converted to a red photon while the atomic state is changed to |g2〉, whereas an incident red photon in the
same situation will pass through the atom unchanged without affecting the atomic state, since it is off resonance from
the atomic transition. A complementary behavior occurs when the atom is initially in the ground state |g2〉, as can
be deduced from (4) and (5).
To illustrate the structure of the non-interacting part of the S matrix, we now construct a thought experiment as
shown in Fig.1 (b) and (c) by considering the outcome of two different sequential scattering events where two photons
are sent toward the atom with a sufficiently large time delay between the two photons. In both events, we assume
that the atom is initially in the ground state |g1〉. In the first event (Fig.1 (b)), we send in the red photon first, it
passes by the atom without interaction. The blue photon then comes in and scatters against the atom. The scattering
changes the atomic state from |g1〉 to |g2〉, with the photon converted to red. Therefore, at the end of the two-photon
scattering event, we end up with two red photons and the atom in the state |g2〉. In the second event (Fig.1 (c)), we
send in the blue photon first and then the red photon. With a similar analysis as discussed above, we can show that
we will end up with the red photon first and then the blue photon, with the atomic state remaining in |g1〉. In this
system, the outcome of a two-photon scattering event depends on the order of the photons being sent in. We note
that each of two different incident states above can be described by a symmetrized two-photon wavefunction. The two
states are mapped to each other, not by an exchange symmetry operator, but rather by an operator Rˆ that exchanges
the order of the photons. The observation above then indicates that
[
Rˆ, S
]
6= 0. Such a non-commutivity with respect
to photon-order exchange operator arises from the existence of multiple ground states in the local quantum system.
For local quantum system with a unique ground state, one can easily show with a similar thought experiment [24]
that the outcome of the two-photon sequential scattering does not depend on the orders of the photons sent in.
5The non-commutivity between the two-photon S matrix and photon-order exchange operator points to interesting
aspects of the structure of two-photon S matrix. The two-photon S-matrix is typically computed with respect to a
two-photon symmetrized plane wave:
ψin(x1, x2) ≡ 1
2
√
2pi
(
eik1x1eik2x2 + eik1x2eik2x1
)
. (6)
To apply the argument above, we decompose ψin(x1, x2) = ψ
(1)
in (x1, x2) + ψ
(2)
in (x1, x2), where
ψ
(1)
in (x1, x2) =
1
2
√
2pi
[
eik1x1eik2x2 θ(x1 − x2) + eik1x2eik2x1 θ(x2 − x1)
]
, (7)
ψ
(2)
in (x1, x2) =
1
2
√
2pi
[
eik1x1eik2x2 θ(x2 − x1) + eik1x2eik2x1 θ(x1 − x2)
]
. (8)
With the θ functions in (7) and (8), ψ
(1)
in (x1, x2) can be viewed as the plane wave limit of two sequential single-photon
pulses with the center frequencies of the leading and the trailing pulses centering at k1 and k2, respectively, while
ψ
(2)
in (x1, x2) is the limit of the same two pulses but with the order of the center frequency reversed. We now consider all
the scattering pathways in which the atom changes from state |gν〉 to |gµ〉 through the two-photon sequential scattering
process. For ψ
(1)
in (x1, x2), the photon with frequency k1 arrives first. As one of the many possible scattering pathways,
upon scattering of this photon, the atom is driven from the state |gν〉 to a ground state |gλ〉, whereas the wavefunction
of the outgoing photon takes the form of φk1λν(x1) ≡ tλν(k1)ei(k1−∆ν+∆λ)x1/
√
2pi. Then the photon with frequency
k2 arrives. It drives the atom from the state |gλ〉 to the state |gµ〉, and as a result is converted to an outgoing photon
with the wavefunction φk2,µλ(x2) ≡ tµλ(k2)ei(k2−∆λ+∆µ)x2/
√
2pi. Summing over all the pathways as labelled by λ,
the final state associated with ψ
(1)
in (x1, x2) is then ψ
(1)
out(x1, x2) =
1√
2
∑
λ φk2,µλ(x2)φk1,λν(x1)θ(x1−x2) + [x1 ←→ x2].
Consider both ψ
(1)
in (x1, x2) and ψ
(2)
in (x1, x2), the sequential scattering process then leads to the final state
ψout(x1, x2) = ψ
(1)
out(x1, x2) + ψ
(2)
out(x1, x2)
=
1
2
√
2pi
2∑
λ=1
tµλ(k2)tλν(k1)e
i(k2−∆λ+∆µ)x2ei(k1−∆ν+∆λ)x1θ(x1 − x2) + [x1 ←→ x2, k1 ←→ k2] . (9)
We note that the θ functions in (9) don’t compensate each other, as a direct result of the non-commutivity in the
sequential scattering process. From (9), by Fourier transformation, we obtain the the non-interacting part of the
two-photon S matrix as
[
S0p1p2k1k2
]
µν
≡ 〈p1, p2, gµ|S0|k1, k2, gν〉 = 1√
2pi
∫
dp1dp2
(
e−ip1x1e−ip2x2 + e−ip1x2e−ip1x2
)
ψout(x1, x2)
=
∑
P,Q
2∑
λ=1
i
2pi
tµλ(kP (2))tλν(kP (1))
pQ(2) −∆µ − kP (2) + ∆λ + i0+ δ(p1 + p2 −∆µ − k1 − k2 + ∆ν) , (10)
6where P and Q are permutation operators that act on indices 1, 2. In (10), the denominator arises from the arguments
above regarding sequential scattering. When ∆µ + ∆ν = 2∆λ, one recovers the familiar form of S
0 that contains two
δ functions. Here however, the S0 contains only a single δ function. Therefore, in the sequential scattering process,
the single photon energy is not conserved, if the incident wave is the symmetrized plane wave as shown in (6).
To validate the heuristic arguments above that lead to (10), we compute the two-photon S matrix [Sp1p2k1k2 ]µν ≡
〈p1, p2, gµ|S|k1, k2, gν〉 for the Hamiltonian (3). Using the input-output formalism [9, 40, 41], the two-photon S matrix
is related to the Green functions of the atom as
[Sp1p2k1k2 ]µν =
1
2
δµ,ν
∑
P,Q
δ
(
pQ(1) − kP (1)
)
δ
(
pQ(2) − kP (2)
)
−
∑
P,Q
∫
dt′√
2pi
eipQ(1)t
′
∫
dt√
2pi
e−ikP (1)t〈gµ|T A(t′)A†(t)|gν〉 δ
(
pQ(2) − kP (2)
)
+
∫
dt′1√
2pi
eip1t
′
1
∫
dt′2√
2pi
eip2t
′
2
∫
dt1√
2pi
e−ik1t1
∫
dt2√
2pi
e−ik2t2〈gµ|T A(t′1)A(t′2)A†(t1)A†(t2)|gν〉 ,(11)
where A =
∑2
λ=1
√
γλ|gλ〉〈e|. The Green functions can be computed by diagonalizing the effective Hamiltonian
Heff =
2∑
λ=1
∆˜λ|gλ〉〈gλ|+
(
Ω− iγ1
2
− iγ2
2
)
|e〉〈e| (12)
that is obtained after integrating out the waveguide degrees of freedom. For notation simplicity, we define
sµν(k) ≡ −i
√
γµγν
k −∆ν + i
(
γ1
2 +
γ2
2
) (13)
which is related to the transmission amplitude tµν(k) defined in (5) as tµν(k) = δµν + sµν(k). As a result, we have
[Sp1p2k1k2 ]µν =
1
2
δµ,ν
∑
P,Q
δ
(
pQ(1) − kP (1)
)
δ
(
pQ(2) − kP (2)
)
+
∑
P,Q
sµν
(
kP (1)
)
δ
(
pQ(2) − kP (2)
)
δ(p1 + p2 −∆µ − k1 − k2 + ∆ν)
+
∑
P,Q
i
2pi
sλµ
(
pQ(2)
)
sλν
(
kp(1)
)
pQ(2) −∆µ − kQ(2) + ∆λ + i0+ δ(p1 + p2 −∆µ − k1 − k2 + ∆ν) . (14)
We can further simplify (14) into the following compact form:
[Sp1p2k1k2 ]µν =
[
S0p1p2k1k2
]
µν
+ i [Tp1p2k1k2 ]µν , (15)
where
[
S0p1p2k1k2
]
µν
is the same as obtained in (10) but now with a rigorous calculation. [Tp1p2k1k2 ] is the the
photon-photon interacting part whose (µ, ν) entry is
i [Tp1p2k1k2 ]µν = −
i
2pi
(
1
p1 −∆µ + i
(
γ1
2 +
γ2
2
) + 1
p2 −∆µ + i
(
γ1
2 +
γ2
2
))×[
2∑
λ=1
(sµλ(k2)sλν(k1) + sµλ(k1)sλν(k2))
]
δ(p1 + p2 −∆µ − k1 − k2 + ∆ν) . (16)
7The interacting part of S matrix as represented by (16) now only contains a single δ function and single-photon
excitation poles, which agrees with the cluster decomposition principle [24].
With the two-photon S matrix (15), we now confirm the heuristic argument presented in Fig.1 by an explicit
calculation. We consider the scattering event of two sequential single photon pulses spatially well separated from each
other. By the identical-particle postulate the two-photon in-state has the form
| k¯1, k¯2, L, gν〉 ≡ 1√
2
[|k¯2〉 ⊗ e−ipˆL|k¯1〉+ |k¯1〉 ⊗ e−ipˆL|k¯2〉]⊗ |gν〉 , (17)
where |k¯〉 = ∫ dk fk¯(k) |k〉 describe a single photon pulse with mean momentum k¯ [43]. pˆ is the momentum operator
and L is the spatial separation between two pulses. When L is large enough, there should be no photon-photon
interaction. Indeed, one can check explicitly that (16) satisfies the requirement
lim
L→∞
T |k¯1, k¯2, L, gν〉 = 0 . (18)
As a result, the out-state all comes from the non-interacting part of S matrix (10), that is,
|out〉 = lim
L→∞
S0 |k¯1, k¯2, L, gν〉
= lim
L→∞
1
4
2∑
µ=1
∫
dp1dp2|p1, p2, gµ〉
∫
dk1dk2
[
S0p1p2k1k2
]
µν
〈k1, k2, gν | k¯1, k¯2, L, gν〉 ,
=
1√
2
2∑
µ,λ=1
[|k¯2〉µλ ⊗ e−ipˆL|k¯1〉λν + |k¯1〉µλ ⊗ e−ipˆL|k¯2〉λν]⊗ |gµ〉 , (19)
where |k¯〉λν ≡
∫
dk tλν(k)fk¯−∆ν+∆λ(k)|k〉 describes the outgoing single photon pulse with mean momentum k¯−∆ν +
∆λ after scattering. By comparing the initial state (17) and the final state (19), one can see that our main result
(10) indeed preserves the sequential ordering as represented by the translation operator e−ipˆL, and thus produces the
correct result of sequential scattering that agrees with previous thought experiment.
The results above can be straightforwardly generalized to other systems supporting multiple ground states, including
optomechanical cavities [34] which also contains multiple ground states due to the phonon side bands. Here, by multiple
ground states, we include the cases where the ground state manifolds contain metastable states, as long as the lifetime
of these states significantly exceed the relevant interaction or scattering time-scales [35]. For a general waveguide
QED system consisting of a single mode waveguide coupled to a cavity
H =
∫
dk k c†kck +
√
γ
2pi
∫
dk
(
c†ka+ a
†ck
)
+Hc[a, b] , (20)
where Hc[a, b] is the cavity’s Hamiltonian. b denotes the other degrees of freedom of the cavity which could be a
multi-level atom or phonons in an optomechanical cavity. One can integrating out the waveguide photons to obtain
8an effective Hamiltonian of the cavity [20, 41, 42]
Heff[a, b] = Hc[a, b]− iγ
2
a†a . (21)
We also assume that there exits some total excitation operator of the form Nˆ = a†a + Oˆ(b) such that Oˆ ≥ 0 and[
Nˆ ,Heff
]
= 0 [44]. With such Nˆ , Heff[a, b] can be block diagonalized as
Heff |λ〉N = EλN |λ〉N , N 〈λ¯|Heff = N 〈λ¯| EλN . (22)
Because Heff in (21) is non-Hermitian, its eigenvalues EλN are in general complex, except for a set of ground states
|gλ〉 which has zero excitation and hence real eigenvalue Eλ0 . Using the input-output formalism [41], we can compute
the general single photon S matrix as
[Spk]µν ≡ 〈p, gµ|S|k, gν〉 = tµν(k) δ(p+ Eµ0 − k − Eν0 ) , (23)
with
tµν(k) = δµν +
∑
ρ
sρν(k)〈gµ|a|ρ〉1 1〈ρ¯|a†|gν〉 , sρν(k) ≡ −i
γ
k + Eν0 − Eρ1
. (24)
where we insert the biorthogonal basis as defined in (22) to compute the cavity’s Green function [20]. Using a formula
similar to (11), the two-photon S matrix can be computed as
Sp1p2k1k2 = S
0
p1p2k1k2 + iTp1p2k1k2 , (25)
where
[
S0p1p2k1k2
]
µν
=
∑
P,Q
∑
λ
i
2pi
tµλ(kP (2))tλν(kP (1))
pQ(2) + E
µ
0 − kP (2) − Eλ0 + i0+
δ(p1 + p2 + E
µ
0 − k1 − k2 − Eν0 ) , (26)
i [Tp1p2k1k2 ]µν = i [Cp1p2k1k2 ]µν δ(p1 + p2 + E
µ
0 − k1 − k2 − Eν0 ) , (27)
i [Cp1p2k1k2 ]µν =
1
2piγ
∑
λρσ
[
sρµ(p1) + s
ρ
µ(p2)
]
[sρλ(k1)s
σ
ν (k2) + s
ρ
λ(k2)s
σ
ν (k1)] 〈gµ|a|ρ〉1 1〈ρ¯|a†|gλ〉〈gλ|a|σ〉1 1〈σ¯|a†|gν〉
+
i
2pi
∑
λρσ
[
sρµ(p1) + s
ρ
µ(p2)
]
[sσν (k1) + s
σ
ν (k2)]
〈gµ|a|ρ〉1 1〈ρ¯|a|λ〉2 2〈λ¯|a†|σ〉1 1〈σ¯|a†|gν〉
k1 + k2 + Eν0 − Eλ2
. (28)
In the above decomposition, the T matrix (27), which describes the effect of photon-photon interaction, only contains
single and two excitation poles as well as a single δ function related to the energy conservation, as required by the
cluster decomposition principle [24]. The non-interacting part of S matrix (26) becomes the usual direct product of
two single-photon S matrix only in the cases of a single ground state or multiple degenerate ground states. In general,
however, S0 is not a direct product of the single photon S matrix.
9In summary, we present the general structure of two-photon S matrix for a waveguide coupled to a local quantum
system with multiple ground states. Such two-photon S matrix has an analytic structure that differs significantly from
the standard form of the two-particle S matrix in quantum field theory. We show that such a structure arises from a
non-commutivity between the two-photon S matrix and an operator that exchanges photon orders. Our results here
points to significant additional richness in the analytic structure of S matrix as compared to commonly anticipated.
The results also provide a complete description of photon-photon interaction in several waveguide QED systems,
including systems with quantum emitters with multiple ground states and systems with optomechanical cavities, that
are of importance for on-chip manipulation of photon-photon interactions.
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